Abstract. We associate to each unital C * -algebra A a geometric object-a diagram of topological spaces representing quotient spaces of the noncommutative space underlying A-meant to serve the role of a generalized Gel'fand spectrum. After showing that any functor F from compact Hausdorff spaces to a suitable target category C can be applied directly to these geometric objects to automatically yield an extensionF which acts on all unital C * -algebras, we compare a novel formulation of the operator K 0 functor to the extensionK of the topological K-functor.
Introduction
Gel'fand duality provides a link between geometry and algebra by asserting that every unital, commutative C * -algebra is isomorphic to C(X), the algebra of continuous, complex-valued functions on a compact Hausdorff topological space X. Indeed, the duality provides an equivalence between these categories. This in turn yields a method of importing concepts of topology into the study of C * -algebras: topological concepts are translated into the language of commutative algebra and generalized to not-necessarily-commutative algebras [1] . As a simple example, the open sets of a space X are in ordered bijection with the closed, two-sided ideals of C(X) and so, such ideals can be considered the noncommutative analogue of open sets for not-necessarilycommutative algebras. A more sophisticated example comes from vector bundles over a space X which can be identified with the finite, projective modules over C(X) [2] . Pursuing this allows one to define a generalization of topological K-theory, which is formulated in terms of vector bundles [3] , to all C * -algebras and obtain operator K-theory, an extremely potent invariant [4, 5] . Gel'fand duality justifies considering C * -algebras to be generalizations of topological spaces; this is the starting point of the program of noncommutative operator geometry [6] . The motivating metaphor of noncommutative geometry is to view a C * -algebra as being the algebra of functions on a topological space. Although, in the case of commutative C * -algebras, this space is explicitly given by the Gel'fand spectrum, in the noncommutative case, the existence of such an underlying space is understood to be merely a convenient fiction which justifies the algebraic generalization of geometric concepts.
In this note, we present a geometric construction meant to serve as a generalization of the Gel'fand spectrum to noncommutative C * -algebras. We outline an automatic method for the generalization of topological concepts to the setting of C * -algebras which is distinct from the one described above. The method requires essentially two steps. First, we contravariantly associate to each unital C * -algebra A the geometric object G(A) which is meant to play the role of the hypothetical space X on which A is the algebra of continuous, complex-valued functions. Next, we apply directly to G(A) the topological functor which we aim to extend. Thus, we begin with any functor F from the category of compact Hausdorff spaces to a suitable target category C and we construct a functorF from the category of unital C * -algebras to C such thatF , restricted to commutative algebras, is naturally isomorphic to F composed with the Gel'fand spectrum functor. The results of this method of extending topological concepts can be compared with the constructions achieved via the canonical translation process. Agreement of these two methods would justify regarding G(A) as the underlying space of a noncommutative algebra.
Akemann and Pedersen [7] proposed to replace the translation process by working directly with Giles-Kummer's [8] and Akemann's [9] noncommutative generalizations of the basic topological notions of open and closed sets. In contrast, we do not employ algebraic generalizations of basic topological notions, but rather, we work with objects which slightly generalize the notion of topological space and come readily equipped with an alternative to the translation process.
In addition to the work of Akemann-Pedersen and Giles-Kummer on noncommutative generalizations of Gel'fand duality, there have been a number of alternative approaches by authors including Alfsen [10] , Bichteler et al. [11] , Dauns-Hofmann [12] , Fell [13] , Kadison [14] , Kruml et al. [15] , Krusyński-Woronowicz [16] , Resende [17] , Schultz [18] , and Takesaki [19] . An excellent discussion of many of these works is contained in a paper by Fujimoto [20] .
We begin by constructing the geometric object G(A) we associate to a unital C * -algebra A, and giving a motivation for it as a means of keeping track of all the quotient spaces of the noncommutative space underlying A which happen to be genuine topological spaces. After showing how this association of geometric objects to algebras allows us to automatically extend topological functors, we then relate the resulting extension of topological K-theory to a novel formulation of the operator K 0 functor.
We then report on progress on how the basic topological notion of lattice of closed sets might be extended to the notion of lattice of closed, two-sided ideals, thereby establishing a conjectured relationship between the topologies of the geometric object G(A) and Prim(A), the primitive ideal space of A. (The primitive ideal space of A is the set of ideals which are kernels of irreducible * -representations of A equipped with the hull-kernel topology; in the commutative case, the primitive ideal space coincides with the Gel'fand spectrum.) Establishing this conjecture would allow considering G to be an enrichment of Prim, a C * -algebraic variant of the ring-theoretic spectrum functor Spec which is the basis of the sheaf-theoretic study of rings. This might open up the possibility of investigating the use of sheaf-theoretic methods in noncommutative geometry.
Spatial diagrams
To each unital C * -algebra A, we will associate a diagram of topological spaces G(A) which is expressed formally as a contravariant functor with, as its codomain, the category of compact Hausdorff spaces. Not only will these spaces vary with A but the shape of the diagram (the domain of the functor) will as well. This necessitates introducing the following constructions: Definition 2.1. For any category C, Dia −→ g(C), the covariant category of all diagrams in C, has as objects all the functors D from any small category S to C. Morphisms from D 1 : S 1 → C to D 2 : S 2 → C are given by pairs (f, η) where f is a functor from S 1 → S 2 and η is a natural transformation from
The contravariant category of all diagrams Dia ←− g(C) has all contravariant functors to C as objects; the morphisms from D 1 to D 2 are pairs (f, η) where f is a functor from S 2 → S 1 and η is a natural transformation from
-morphisms is given by (gf, (µf )η) where (µf ) a is µ f (a) and the composition of natural transformations is componentwise. Note that if F is a functor from C to C ′ , F naturally induces a functor from Dia −→ g(C) to Dia −→ g(C ′ ) which we will also denote by
2.1. The spatial diagram of an algebra. We can now construct the spatial diagram G(A) associated to a unital C * -algebra A. First, we associate to A a subcategory S(A) of unital, commutative C * -algebras with unital * -homomorphisms. The objects of S(A) are the unital, commutative sub-C * -algebras of A. For every inner automorphism α of A, that is, one acting by conjugation by a unitary u ∈ A, object U ⊂ A, and any object V ⊂ A containing α(U), there is a restriction α| U from U to V ; these are the morphisms of S(A). Denote by g(A) the inclusion functor from S(A) to uComC * . The diagram G(A), an object of Dia ←− g(KHaus), is the Gel'fand spectrum functor Σ composed with g(A).
The association of spatial diagrams to algebras is contravariantly functorial. To a unital *-morphism φ : A → B, we define g(φ) as the Dia −→ g(uComC * )-morphism (f, η). The functor f maps a commutative subalgebra U ⊂ A to φ(U) ⊂ B; the action of f on the restriction of an automorphism described by a unitary u is to send it to the restriction of an automorphism described by φ(u). The component of η associated to
The topological spaces in the diagram G(A) should be thought of as being those which arise as quotient spaces of the hypothetical noncommutative space underlying A. To see this, note that a sub-C * -algebra of C(X) yields an inclusion i : C(Y ) → C(X) which corresponds to a continuous surjection Σi : X → Y ; this surjection is a quotient map since both X and Y are compact and Hausdorff. Thus, in accordance with the central tenet of noncommutative geometry, unital sub-C * -algebras of a unital noncommutative algebra A are to be understood as having an underlying noncommutative space which is a quotient space of the noncommutative space underlying A. By considering only the commutative subalgebras, we are restricting our attention to the tractable quotient spaces: those which are genuine topological spaces. The morphisms of the diagram-particularly, the images under the Gel'fand spectrum functor of inclusions-serve to track how these spaces fit together inside the noncommutative space underlying A.
Extensions
For a unital C * -algebra A, we have constructed the diagram of topological spaces G(A). Any functor F : KHaus → C, from the category of compact Hausdorff spaces to C, can be applied directly to
When F is contravariant (resp. covariant) and C is cocomplete (resp. complete), we can take the colimit (resp. limit) of this diagram to yield a single object of C. Combining all these steps gives us a new functorF which acts on all unital C * -algebras. Since, when A is commutative, A is a terminal object in the category S(A), it can be shown thatF , restricted to commutative algebras, is naturally isomorphic to F composed with the Gel'fand spectrum functor. Intuitively, one should think of the extension process as decomposing a noncommutative space into its quotient spaces, retaining those which are genuine topological spaces, applying the topological functor to each one, and pasting together the result. This definition requires the generalized colimit functor lim − → : Dia −→ g(C) → C. It assigns to a functor F : A → C the same object of C which is assigned to F by the canonical colimit functor lim − → : C A → C. If η is a natural transformation between F and G : A → C then lim − → assigns to the Dia −→ g(C)-morphism between F and G given by (id A , η) the same C-morphism assigned to η by the colimit functor of C A . What is novel is the ability to assign C-morphisms between colimits of diagrams of different shapes. A generalized limit functor lim ← − : Dia ←− g(C) → C also exists and allows defining the extension of a covariant functor F as lim ← − F G.
In the sequel of this section, we begin by explicitly describing how the generalized lim − → and lim ← − functors act on arbitrary morphisms and demonstrating the functoriality of these generalized notions of universal constructions. We then give an explicit description of the lim − → functor on the category of all diagrams of abelian groups which we will require in our formulation of operator K-theory. We conclude the section by showing that, given a functor F : KHaus → C, its extensionF , once restricted to commutative algebras, is naturally isomorphic to F composed with the Gel'fand spectrum functor Σ.
3.1. The generalized limit and colimit functors. Recall that the colimit of a functor F from A to a cocomplete category C can be expressed as a coequalizer of two coproducts [21, p355] :
The first coproduct is over all arrows u : i → j of A and the second is over all objects of A. We denote the canonical injections for these coproducts by
The morphisms θ and τ can be defined by specifying their compositions with the λ u : θλ u = κ domu τ λ u = κ codu F (u) The advantage of this coequalizer presentation of the colimit of is that we may determine a C-morphism between the colimits of two functors F and G by specifying a natural transformation between their coequalizer diagrams. That is, by giving its components; C-morphisms N and M such that the following diagrams commute:
We denote the canonical injections into the coproducts for G by λ
Given a Dia −→ g(C)-morphism (f, η) between F and G we define N and M by giving their compositions with the canonical injections:
It is straightforward to verify that θ ′ N = Mθ and that τ ′ N = Mτ by computing the composition of these maps with the λ u . The C-morphism assigned by lim − → to (f, η) is then defined to be that morphism which is induced by the natural transformation between the coequalizer diagrams for the colimits of F and G whose components are N and M . Functoriality of lim − → is then straightforwardly verified by computing the compositions of the components of the natural transformations induced by (f, η) and (g, µ) and seeing that the resulting natural transformation is the same as the one induced by (gf, (µf )η).
A dual construction exists in the case where C is complete, in which case we have a generalized limit functor lim ← − : Dia ←− g(C) → C.
The generalized colimit construction is best illustrated by the example of abelian groups. Let F : A → Ab and G : B → Ab be two diagrams in Dia −→ g(Ab) and (f, η) be a morphism from F to G.
First, we describe the colimit of F in Ab (and thus in Dia −→ g(Ab)). Let d be the direct sum of the groups F (a) over all objects a in A. If g is an element of the F (a), we use the notation (g) a to indicate the element of d which is g in the a th component and 0 in all others. The colimit of F is d modulo an equivalence relation: for any arrow u : a 1 → a 2 of A, (g) a 1 is identified with (F (u)(g)) a 2 .
To define how the functor lim − → : Diag(Ab) → Ab acts on (f, η), it is enough to say how the group homomorphism lim − → ((f, η)) acts on elements of the colimit of F of the form [(g) a ]. The image of such an element under lim
. This is well defined for if
3.2.
Extensions and the commutative case. When A is commutative, A is terminal in the category S(A) as there is an inclusion morphism from every unital, commutative subalgebra of A into A. As a consequence, the diagram F (G(A)) has F (Σ(A)) as a terminal object when F is contravariant. Since, for any diagram whose domain has a terminal object, the canonical injection from the terminal object to the colimit is an isomorphism, we have thatF (A) ≃ F • Σ(A). For a unital * -homomorphism φ : A → B between commutative algebras, F (φ), the isomorphisms , and F • Σ(φ) together form a commutative square. Thus, these isomorphisms define a natural equivalence betweeñ F | ComC * and F • Σ. A dual argument holds in the case where F is covariant.
K-theory, Topological to C * -algebraic
Given a compact Hausdorff space X, the isomorphism classes of vector bundles over X form an abelian monoid V (X) under direct sum. The universal abelian group of V (X) is the K-group of X and is denoted by K(X). The topological K-functor is the basis of the extraordinary cohomology theory K-theory which is of considerable importance in geometry. It is generalized to arbitrary C * -algebras using the canonical translation process. As vector bundles over X are, by the Serre-Swan theorem, in correspondence with finite, projective C(X)-modules, we define V (A) to be the monoid of isomorphism classes of finite, projective A-modules with direct sum and find that it, too, is abelian. Again using the universal group construction yields the operator K 0 functor. We aim to define operator K 0 directly in terms of the topological K-theory of spatial diagrams.
The first step in computing the K 0 -group of a C * -algebra is to take its stabilization. The stabilization functor K : C * Alg → C * Alg acts on an algebra A by taking it to A ⊗ K, its tensor product with the C * -algebra K of compact operators on a separable Hilbert space, and sends *-morphisms φ to φ ⊗ id K . This operation is idempotent:
Although it remains open whether K 0 ≃K we find that our aim can be achieved by applying K not to the diagrams G but to subdiagrams G f after stabilizing.
Here,K f is defined for unital C * -algebras in a manner most similar to howK is: as lim − → K • G f . The only difference in the definitions of G and G f is that the sub-C * -algebras of A which are the objects in the full subcategory S f (A) of S(A) are, in addition to being unital and commutative, finite dimensional. As all C * -algebras isomorphic to A ⊗ K lack a unit, we must extendK f to all C * -algebras and we do so using the same method used for K 0 : if π : A + → C is the projection from the unitalization of A to the subalgebra of scalar multiples of the unit, thenK f (A) is defined as the kernel ofK f (π) [22] .
For a unital C*-algebra A, the K 0 -group can be expressed in a rather simple fashion [23] . First, we define an equivalence relation on projections in A ⊗ K: P ∼ Q if and only if there is a unitary u ∈ (A ⊗ K)
+ such that P = uQu * .
If P and P ′ are two projections in A ⊗ K, there exist projections Q and Q ′ such that P ∼ Q, P ′ ∼ Q ′ , and Q is orthogonal to Q ′ . The abelian addition operation on projections is defined by
We have thus defined the abelian monoid V (A). Proof. For unital A, we will computeK
in stages and present it in such a form which makes it clear that it is isomorphic in a natural way to K 0 (A). We begin by describing how the functorK f acts on unital algebras before generalizing to the non-unital case.
The objects of S f (A) are the finite-dimensional, unital, commutative sub-C * -algebras of A. The morphisms are given by the restrictions of inner automorphisms. These morphisms are all of the form i•r where i is an inclusion and r is an isomorphism between subalgebras which are related by unitary rotation.
Under the Gel'fand spectrum functor, the image of such an object is a finite, discrete space whose points are in correspondence with the atomic projections of the subalgebra. The images of the inclusions i : U → V are functions Σ(i) : Σ(V ) → Σ(U) with the property that whenever a point p ∈ Σ(U) corresponds to a projection P atomic in U, then P is the sum of the atomic projections in V which correspond to the points of [Σ(i)] −1 (p). The isomorphisms are sent by the spectrum functor to bijections which connect points corresponding to unitarily equivalent projections.
Under the topological K-functor, each object yields a direct sum of copies of Z: one for each point (a trivial vector bundle of each dimension and formal inverses). Taking the colimit of the diagram then yields, as described in the previous section, a direct sum of the groups indexed by the objects of S f (A) modulo the relations generated by the morphisms of the diagram. In our case, this is a quotient of the direct sum of a copy of Z for each pair (U, P ) where U is a finite-dimensional, unital, commutative sub-C * -algebra of A and P is an atomic projection in U.
The image under K • Σ of the inclusions result in the identifications of a generator of a copy of Z associated to a pair (U, P ) with the sums of generators associated to pairs (V, P i ) whenever U ⊂ V and P i sums to P . Every projection P ∈ A is an atomic projection in the subalgebra CP + C(1 − P ) which is included in every subalgebra which contains P as a member. As the generators associated to the same projection P atomic in different subalgebras are all identified in the colimit, we see that we may speak of the element of the colimit group [(P )] associated to P without reference to which subalgebra it appears in. Thus, the abelian groupK f (A) can be viewed as a quotient of the free abelian group generated by the elements [(P )]. The first class of identifications consists of those between elements [(P )] with the sum of elements [(P i )] whenever P i are mutually orthogonal and sum to P . The isomorphisms in the diagram provide the second class; they ensure that the elements associated to unitarily equivalent projections are also identified.
For non-unital algebras such as A ⊗ K, we need to determine the kernel ofK f (π) with π the canonical projection from (A ⊗ K) + to C. This is not so difficult, however, as all projections in (A ⊗ K)
+ are of the form P or 1 − P for P ∈ A ⊗ K. As [(1 − P )] = [(1)] − [(P )] we see that all elements of the colimit group can be expressed using only elements associated either to the identity projection or to projections in A ⊗ K. It is precisely those elements ofK f ((A ⊗ K) + ) which can
